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ABSTRACT
We analyze the event GW 150914 announced by the Advanced Laser Interferom-
eter Gravitational-Wave Observatory (LIGO) as the gravitational-wave emission of
a black-hole binary merger. We show that the parameters of the coalescing system
and of the newly formed Kerr black-hole can be extracted from basic results of the
gravitational-wave emission during the inspiraling and merger phases without sophisti-
cated numerical simulations. Our strikingly accurate estimates are based on textbook
formulas describing two different regimes: 1) the binary inspiraling analysis treated
in Landau and Lifshitz textbook, and 2) the plunge of a particle into a black-hole,
treated in the Rees-Ruffini-Wheeler textbook. It is stressed that in order to infer any
astrophysical information on the masses of the system both regimes have to be inde-
pendently and observationally constrained by LIGO, which does not appear to be the
case.
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1 INTRODUCTION
It was recently announced by the Advanced Laser Inter-
ferometer Gravitational-Wave Observatory (LIGO) the ob-
servation, for the first time, of a gravitational wave signal
(Abbott et al. 2016). After the data analysis using numer-
ical relativity templates of black-hole binary mergers, they
concluded that the signal, which lasts 0.2 s with increas-
ing gravitational-wave frequency from 35 to ∼ 150 Hz, was
emitted during the inspiral and merger of a binary black-
hole, followed by the subsequent ringdown phase of the
newly formed black-hole. The binary black-hole parame-
ters obtained from this analysis are: mBH,1 = 36
+5
−4 M,
mBH,2 = 29
+4
−4 M, and a luminosity distance to the source
dL = 410
+160
−180 Mpc (cosmological redshift z = 0.09
+0.03
−0.04),
adopting a flat Λ-cold-dark-matter cosmology with Hubble
parameter H0 = 67.9 km s
−1 Mpc−1, and matter and dark-
energy density parameter Ωm = 0.306 and ΩΛ = 0.694, re-
spectively.
We show in this Letter that the general features of the
system that generates GW 150914 can be inferred from a
simple analysis of the gravitational-wave signal on the light
of the foundations of the gravitational-wave theory and from
two classic results: 1) the analysis of the inspiraling phase
of a binary system of point-like particles, and 2) the merger
analysis based on the approximation of a test-particle falling
into a black-hole. It is of course essential for the validity
of this approximation that both regimes be independently
confirmed by observations.
2 BINARY EVOLUTION
2.1 Inspiral phase
A binary system, by emitting gravitational-waves, evolves
through two different phases: the regime I is the “adia-
batic” inspiral phase in which the binary follows quasi-
circular orbits. The gravitational-wave energy spectrum in
this phase can be estimated from the traditional formula of
the quadrupole emission within the classic point-like approx-
imation (Peters & Mathews 1963; Peters 1964; Rees et al.
1974)
dE
df
=
1
3
(piG)2/3νM5/3f−1/3, (1)
where ν ≡ µ/M is the so-called symmetric mass-ratio pa-
rameter, with µ = m1m2/M the binary reduced mass, M =
m1 + m2 the total binary mass, and f is the gravitational-
wave frequency. We recall that f = 2fs = 2forb, where fs
the source frequency so the orbital one, i.e. fs = forb =
ωorb/(2pi) =
√
GM/r3/(2pi) and r the binary separation
distance. We recall that the quantity Mchirp ≡ ν3/5M is
referred in the literature to as the binary chirp mass.
When the conservative quasi-circular dynamics follow-
ing the classic point-like approximation breaks-down, the
regime II, namely the final plunge, merger and ringdown of
the newly formed object sets in. We denote the gravitational-
wave frequency at which the quasi-circular evolution ends as
plunge starting frequency, fplunge. We adopt here as an es-
timate of the plunge starting frequency, the one of the last
c© 2016 The Authors
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stable orbit (LSO) of a test-particle around a Schwarzschild
black-hole:
fplunge ≈ fLSO = c
3
G
1
63/2piM
≈ 4.4M
M
kHz. (2)
Thus, the total energy radiated during the inspiral regime
can be estimated from the binding energy of the LSO which,
by extrapolation to the case of a binary of comparable
masses, reads ∆Einspiral = (1 −
√
8/9)µc2, where we recall
that µ is the binary reduced mass. Thus, for a symmetric
binary it gives ∆Einspiral ≈ 0.014Mc2.
2.2 Plunge, merger and ringdown
After the regime I of quasi-circular inspiral evolution, the
regime II composed by the plunge, merger and ringdown,
as first analyzed in Davis et al. (1971, 1972) for a test-
particle falling radially into a Schwarzschild black-hole,
starts. It was shown first by Davis et al. (1971, 1972) that
the gravitational-wave spectrum in this regime II is dom-
inated by the l = 2 multipole (quadrupole) emission and
that the largest gravitational-wave emission occurs from
r ≈ 3GM/c2, at the maximum of the effective potential
Vl(r) =
(
1− 2mBH
r
)
× (3)[
2λ2(λ+ 1)r3 + 6λ2mBHr
2 + 18λm2BHr + 18m
3
BH
r3(λr + 3mBH)2
]
where λ = (l−1)(l+2)/2, and the black-hole horizon. It was
there shown that in the limit of large l, the contribution of
each multipole to the spectrum peaks at the gravitational-
wave frequency
f lpeak =
c3
G
√
(Vl)max ≈ c
3
G
l
2pi
√
27M
, (4)
while, the total spectrum obtained by summing over all the
multipoles, peaks at
fpeak ≈ c
3
G
0.05
M
≈ 10.36M
M
kHz. (5)
Then, Press (1971) showed that the multipole spectra
obtained in Davis et al. (1971) were associated with the 2l-
pole normal-mode vibrations of the black-hole, excited by
the gravitational-wave train produced by the in-falling body.
Thus, the gravitational-wave spectrum from the peak on is
governed by the emission of the vibrational energy of the
black-hole driven by gravitational-wave radiation. Such vi-
brations are referred today to as black-hole “ringdown” or
“ringing tail” (Davis et al. 1971).
As it was shown in Davis et al. (1971), the gravitational-
wave spectrum in this phase has a peaked form: it first has
a raising part that follows a power-law behavior which can
be understood as follows. The solution of the particle radi-
ally falling onto the black-hole in linearized theory, i.e. in a
flat background, and using Newtonian equations of motion
which leads to (Rees et al. 1974)(
dE
df
)
plunge
≈ 2pi × 0.18Gµ
2
c
(
4piGMf
c3
)4/3
. (6)
The spectrum thus raises following approximately (6) until
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Figure 1. Spectrum of the gravitational-wave radiation (l = 2
multipole) emitted by a test-particle of mass m falling radially
into a black-hole of mass M (in geometrical units). This figure
has been adapted from the original one in Davis et al. (1971).
it reaches a maximum at the peak frequency (5), and then it
falls off following an approximate (phenomenological) form(
dE
df
)
ringdown
≈ 2piGµ
2
c
exp(−9.9× 2piGMf/c3). (7)
The spectrum of the l = 2 multipole radiation as obtained
numerically in Davis et al. (1971) is shown in figure 1. We
have indicated the location of the plunge, merger and ring-
down phases in the frequency-domain. It is clear that an
approximate analytic formula of the spectrum can be ob-
tained from the interpolation function
dE
df
≈
[
1
(dE/df)plunge
+
1
(dE/df)ringdown
]−1
. (8)
The total energy radiated to infinity in gravitational-
waves during this plunge+merger+ringdown phase is (Davis
et al. 1971):
∆Emerger =
∑
l≥2
∫
df
(
dE
df
)
2l−pole
≈ 0.01µ
2
M
c2. (9)
From all the above we can extract three important the-
orems:
(i) the final gravitational-wave frequency of the inspiral
phase, fLSO, is lower than the peak frequency, fpeak;
(ii) the energy emitted in gravitational-waves during the
total inspiral phase is larger than the energy emitted in the
final plunge-merger-ringdown phase;
(iii) the merger point can be set as the point where the
gravitational-wave spectrum, dE/df , reaches the maximum
value;
(iv) from the above, the frequency at merger is
fmerger ≡ fpeak, (10)
where fpeak is given by equation (4).
2.3 Angular momentum in the merger phase
As it was shown in Detweiler & Szedenits (1979), the energy
emitted during the plunging of a test-particle into a black-
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hole is affected by the initial angular momentum of the par-
ticle. The total energy output in form of gravitational-wave
radiation was there computed for selected initial angular mo-
menta of the particle (which correspond to start the plunge
of the particle from different orbits). It is worth to notice
that in the case J = 0, the total energy emitted approaches
the numerical value obtained in Davis et al. (1971), see equa-
tion (9), in the case of radial falling into the black-hole, as
expected.
The results of the numerical integration of Detweiler &
Szedenits (1979) are well-fitted (with a maximum error of
∼ 10%) by the phenomenological function
∆Emerger ≈ ∆EJ=0merger[1 + 0.11 exp(1.53j)], (11)
where j ≡ cJ/(GµM) and ∆EJ=0merger is the energy radiated
by a particle falling radially given by equation (9).
Thus, from the knowledge of the angular momentum
at the LSO, we can infer the amount of energy emitted
during the final merger phase. The energy loss during the
regime II is therefore ∆Emerger ≈ 0.24(µ2/M)c2, where we
have used equations (9), (11), and the fact that jLSO =
cJLSO/(GµM) = 2
√
3 is the dimensionless angular momen-
tum of a test-particle in the LSO around a Schwarzschild
black-hole.
From the amount of energy emitted in this final plunge
phase, ∆Emerger given by equation (11), we can estimate the
angular momentum loss by the gravitational-wave emission
in the final plunging, ∆Jmerger, as
∆Jmerger ≈ ∆Emerger
pifLSO
, (12)
which leads to ∆Jmerger ≈ 3.81Gµ2/c.
3 MASS AND SPIN OF THE FORMED
BLACK-HOLE
In order to give an estimate of the newly formed black-hole
parameters, we can use both energy and angular momen-
tum conservation. Energy conservation implies a mass of
the newly formed black-hole
mBH ≈M − (1− 2
√
2/3)ν −∆Emerger/c2 (13)
≈Mβ(ν), (14)
where β(ν) ≡ [1− (1− 2√2/3) ν − 0.24ν2], while angular
momentum conservation leads to
JBH = JLSO −∆Jmerger, (15)
which implies a dimensionless angular momentum of the
newly formed black-hole
α ≡ cJBH
Gm2BH
≈ 2
√
3ν − 3.81ν2
β(ν)2
. (16)
4 ANALYSIS OF GW 1509014
In order to extract more information from the signal it is
necessary to make an analysis of the frequency evolution
with time. From the binary evolution in the regime I, within
the point-like approximation, it can be inferred the chirp
mass of the binary as:
Mchirp =
c3
G
(
5
96pi8/3
f˙
f11/3
)3/5
. (17)
We fit the evolution of the frequency with time in GW
150914 which leads to Mobschirp ≈ 30.5 M, in agreement with
the LIGO analysis, Mobschirp = 30.2
+2.5
−1.9 M, in the detector-
frame (The LIGO Scientific Collaboration & the Virgo Col-
laboration 2016).
We estimate a frequency at maximum strain fobspeak =
144±4 Hz. The uncertainties are due to the resolution of the
discrete Fourier transform used to obtain the spectrogram.
By using the aforementioned theorem 3, we can estimate
the total mass of the binary equating the observed peak-
frequency to the theoretical prediction (5):
Mobs =
10.36 kHz
fobspeak
M ≈ 72± 2 M, (18)
where we have computed it in the observer-frame, i.e. in the
detector-frame. This value is to be compared with the total
mass in the detector-frame obtained from the analysis based
on numerical relativity templates, Mobs ≈ 70.3+5.3−4.8 M (The
LIGO Scientific Collaboration & the Virgo Collaboration
2016), namely, our estimate is off only within a 2.3% of error
with respect to the full numerical relativity analysis. Clearly,
the total mass in the source-frame is M = Mobs/(1 + z).
From the knowledge of the chirp mass and the total
binary mass, we can extract the mass-ratio of the binary.
From the definition of symmetric mass-ratio we have
ν =
µ
M
=
(
Mchirp
M
)5/3
≈ 0.24± 0.01, (19)
which leads to a mass-ratio
q =
m2
m1
=
4ν(
1 +
√
1− 4ν)2 ≈ 0.67+0.33−0.11, (20)
which is within the numerical relativity analysis value q =
0.79+0.18−0.19 (The LIGO Scientific Collaboration & the Virgo
Collaboration 2016). Thus, we obtain individual masses
mobsBH,1 =
Mobs
(1 + q)
≈ 43.1+4.3−7.9 M, (21)
mobsBH,2 =
q
1 + q
Mobs ≈ 28.9+6.3−5.9 M, (22)
which agree with the numerical relativity values mBH,1 =
39.4+5.5−4.9 M, mBH,2 = 30.9
+4.8
−4.4 M (Abbott et al. 2016; The
LIGO Scientific Collaboration & the Virgo Collaboration
2016).
Therefore, together with the equations (13) and (16),
we obtain a straightforward estimate of the parameters of
the final black-hole:
mBH ≈ 70+2−2 M, cJBHGm2BH
= 0.65+0.02−0.02, (23)
to be compared with the numerical relativity analysis
mBH = 62
+4
−4 M and cJBH/(Gm
2
BH) = 0.67
+0.05
−0.07 (Abbott
et al. 2016; The LIGO Scientific Collaboration & the Virgo
Collaboration 2016).
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5 CONCLUDING REMARKS
There are two markedly different regimes in the evolution
of coalescing binary black-holes: I) the inspiraling phase up
to merger and II) the final ringdown phase of the newly
formed black-hole. The two regimes have to be constrained
by observations with comparable accuracy. In that case, our
analysis shows that it is possible to extract the parameters
of the system, indicated in Abbott et al. (2016), but from a
much simpler analysis of the two regimes in the test-particle
approximation without the need of sophisticated numerical
simulations. This is quite striking since we would expect
that in the real world our test-particle approximation should
not be valid in nearly mass-symmetric systems like the one
proposed in Abbott et al. (2016) to explain GW 150914.
The independent observational confirmation of the two
regimes is indeed essential for testing the validity of this
approximation, for determining the total mass of the sys-
tem and the mass of each binary component, as well as the
formation of the black-hole horizon.
It is therefore unfortunate that the signal around 150 Hz
occurs just at the limit of the sensitivity of LIGO, not al-
lowing a definite characterization of regime II. Under these
conditions, regime I alone is not sufficient to determine the
astrophysical nature of GW 150914, nor to assess that it was
produced by a binary black-hole merger leading to a newly
formed black-hole.
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